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To avoid notational complexity, we discuss results in dimension one.
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Description

In this talk , we discuss about the existence and uniqueness of Invariant
measure for linear Stochastic PDEs with potential in the space of tempered
distributions using Monotonicity inequality.
Work on Problem “Invariant Measure for Linear Stochastic PDEs in the
Space of Tempered Distributions” is available on arxiv
“https://arxiv.org/abs/2405.19926”

Arvind Kumar Nath, IIT Kanpur CONFERENCE, IIT Madras 04 JUN 2024 3 / 24



Outline

1 Preliminaries
Linear Stochastic PDE with potential

Tempered Distributions, Hermite-Sobolev Spaces and Some Operators

2 Known results
Monotonicity Inequality
Existence and Uniqueness of Stochastic PDEs

3 Invariant measure
New Result

Arvind Kumar Nath, IIT Kanpur CONFERENCE, IIT Madras 04 JUN 2024 4 / 24



Preliminaries Linear Stochastic PDE with potential

Outline

1 Preliminaries
Linear Stochastic PDE with potential

Tempered Distributions, Hermite-Sobolev Spaces and Some Operators

2 Known results
Monotonicity Inequality
Existence and Uniqueness of Stochastic PDEs

3 Invariant measure
New Result

Arvind Kumar Nath, IIT Kanpur CONFERENCE, IIT Madras 04 JUN 2024 5 / 24



Preliminaries Linear Stochastic PDE with potential

A Linear Stochastic PDE with potential

Let (Ω,F , {Ft}t ,P) be a filtered probability space satisfying the usual conditions.
Consider the Stochastic PDE:

dXt = (L∗ − α)(Xt) dt + A∗(Xt) dBt ; X0 = ϕ (1.1)

for some p, α ∈ R, where
1 A∗ and L∗ are linear Differential operators involving multiplication by smooth

functions σ, b and distributional derivatives ∂
2 Xt takes value in S ′

3 {Bt}t≥0 is a Brownian motion
4 ϕ is F0- measurable, Sp- valued random variable

In the literature, existence and uniqueness of strong solution has already been
investigated. We are interested in the long term behaviour of the solution, more
specifically about invariant measures.
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Preliminaries Tempered Distributions, Hermite-Sobolev Spaces and Some Operators

Tempered Distributions

Let S denote the space of real valued rapidly decreasing smooth functions on
R (Schwartz class) with dual S ′, the space of tempered distributions.
For p ∈ R, consider the increasing norms ∥ · ∥p, defined by the inner products

⟨f , g⟩p :=
∞∑

k=0
(2k + 1)2p⟨f , hk⟩⟨g , hk⟩, f , g ∈ S.

Here, {hk}∞
k=0 is an orthonormal basis for L2(R, dx) given by Hermite

functions hk(t) := (2kk!
√
π)−1/2 exp{−t2/2}Hk(t), t ∈ R, where Hk are the

Hermite polynomials.
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Preliminaries Tempered Distributions, Hermite-Sobolev Spaces and Some Operators

Hermite-Sobolev spaces

The Hermite-Sobolev spaces1 Sp, p ∈ R are defined to be the completion of S in
∥ · ∥p. It can be shown that (S−p, ∥ · ∥−p) is isometrically isomorphic to the dual
of (Sp, ∥ · ∥p) for p ≥ 0.

0

S ′

−∞

S

∞

L2′ = L2

p

Sp

−p

S−p⊃ ⊃⊃⊃

1Kiyosi Itô, Foundations of stochastic differential equations in infinite-dimensional spaces,
volume 47 of CBMS-NSF Regional Conference Series in Applied Mathematics, Society for
Industrial and Applied Mathematics (SIAM), Philadelphia, PA, 1984.
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Preliminaries Tempered Distributions, Hermite-Sobolev Spaces and Some Operators

Derivative operator
Given a tempered distribution ψ ∈ S ′, the distributional derivative of ψ is
defined via the following relation

⟨∂ψ , ϕ⟩ := − ⟨ψ , ∂ϕ⟩ , ∀ϕ ∈ S.

∂ : Sp → Sp− 1
2

is a bounded linear operator. So the Laplacian △ = ∂2 is a
bounded linear operator from Sp to Sp−1.

Multiplication operator
Given a smooth function σ, we define the multiplication by σ on S ′ by

⟨σψ , ϕ⟩ := ⟨ψ , σϕ⟩ , ∀ϕ ∈ S

and then extend via duality.
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Known results Monotonicity Inequality

Definition of Monotonicity Inequality

Definition
We say that a pair of linear operators (L∗,A∗) satisfy the Monotonicity inequality
in ∥ · ∥p, if we have

2 ⟨ϕ , L∗ϕ⟩p + ∥A∗ϕ∥2
p ≤ C∥ϕ∥2

p, ∀ϕ ∈ S. (2.1)

Remark (Importance of Monotonicity inequality)
1 The Monotonicity inequality was introduced in [Krylov and Rozovskii, Akad.

Nauk SSSR, Vsesoyuz. Inst. Nauchn. i Tekhn. Informatsii, Moscow 1979].
This describes a sufficient condition for uniqueness of solution to SPDE’s.

2 In [L. Gawarecki, V. Mandrekar, and B. Rajeev - Theory of Stochastic
Processes 2008], it was shown that the monotonicity inequality can be used
to prove both the existence and the uniqueness of solution to Linear SPDE’s.
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Known results Monotonicity Inequality

Known results

Consider the following operators,

A∗ψ := −∂(σψ), L∗ψ := 1
2∂

2(σ2ψ) − ∂(bψ)

The Monotonicity inequality (for the case involving linear A∗, L∗) has been
explicitly proved for the following cases.

σ, b are constants, p ∈ R (Gawarecki, Mandrekar and Rajeev - Infinite
Dimensional Analysis, Quantum Probability and Related Topics 2009)
b(x) = α+ βx ,∀x (for fixed α, β), σ is a constant and p ∈ R. [Bhar and
Rajeev - Proceedings of Indian Academy of Sciences (Mathematical Sciences)
2015]
σ, b are bounded smooth functions on R with bounded derivatives and p = 0
(S0 = L2(R)) [Bhar, Bhaskaran and Sarkar - Potential Analysis 2020]
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Known results Existence and Uniqueness of Stochastic PDEs

(An Application of [4, Theorem 1] )2

Theorem
Assume that E∥ϕ∥2

p < ∞ and the pair of linear operators (L∗,A∗) satisfy the
Monotonicity inequality. Then the Linear Stochastic PDE (1.1) has an Sp–valued
strong solution {Xt : t ≥ 0} in Sp satisfying the integral equation

Xt = ϕ+
∫ t

0
(L∗ − α)(Xs) ds +

∫ t

0
A∗(Xs) dBs (2.2)

in Sp−2 and the solution is unique.

2Gawarecki, L. and Mandrekar, V. and Rajeev, B., Foundations of stochastic differential
equations in infinite-dimensional spaces, Theory Stoch. Process. 14 (2008), no. 2, 28–34. MR
2479730
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Invariant measure New Result

New Result

Lemma

The inclusion i : Sp → Sq is compact if q < p.

Definition
We say that a probability measure µ on Sp (for some p ≥ 0) is invariant for a
time-homogeneous Markov process {X x

t , t ≥ 0} with the related Feller semigoup
{Pt , t ≥ 0} if for all A ∈ B(Sp), µ(A) =

∫
Sp

P(t, y ,A)µ(dy) or equivalently, since
Sp is a Polish space, if for f ∈ Cb(Sp),∫

Sp

(Pt f )dµ =
∫

SP

fdµ

Theorem

Let 2α > C, i : Sp−2 ↪→ Sq−2 for p > q be a compact continuous embedding and
the Monotonicity inequality holds for p, p − 2, q − 2 then there exists unique
invariant measure µ for the SPDE (1.1) in (Sq−2, ∥.∥q−2).
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Invariant measure New Result

Idea of proof
Let {X x

t , t ≥ 0} be the Sp- valued solution of SPDE (1.1), we have

X x
t = x +

∫ t

0
(L∗ − α) (X x

s )ds +
∫ t

0
A∗(X x

s ) dBs

and the equality holds in Sp−2. By applying Itô rule, Monotonicity inequality and
taking expectation,

E ∥X x
t ∥2

p−2 = ∥x∥2
p−2 + E

∫ t

0

(
2 ⟨X x

s , (L∗ − α)(X x
s )⟩p−2 + ∥A∗X x

s ∥2
p−2

)
ds

= ∥x∥2
p−2 +

∫ t

0
E

(
2 ⟨X x

s , (L∗ − α)(X x
s )⟩p−2 + ∥A∗X x

s ∥2
p−2

)
ds

≤ ∥x∥2
p−2 + (C − 2α)

∫ t

0
E ∥X x

s ∥2
p−2 ds

By Gronwall’s inequality, we have

E ∥X x
t ∥2

p−2 ≤ ∥x∥2
p−2 e−(2α−C)t . (3.1)
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Invariant measure New Result

For any R > 0, we have

P(∥X x
t ∥p−2 ≥ R) ≤ 1

R2E∥X x
t ∥2

p−2,

and hence by (3.1) , we have

lim
R→∞

sup
T

1
T

∫ T

0
P(∥X x

t ∥p−2 ≥ R)dt = 0.

The embedding Sp−2 ↪→ Sq−2 is compact for q < p, and hence the set
{x ∈ Sp−2 : ∥x∥p−2 ≤ Rϵ} is compact in Sq−2. There exists an invariant measure
µ on Sq−2 for SPDE (1.1) by Prokhorov’s theorem [6, Corollary 7.4] and µ is
unique using arguments similar to [6, Theorem 7.13].
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Thank You
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